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The classical Fourier heat conduction law assumes that the
speed of heat propagation is inﬁnite. This means that a thermal
disturbance in a material can be felt instantaneously anywhere in
the material. The accuracy of Fourier’s heat conduction law is suf-
ﬁcient for many practical engineering applications. However, this
theory cannot accurately explain conduction of heat caused by
highly-varying thermal loading such as pulsed laser heating. For
example, as pointed out by Babaei and Chen (2008), the surface
temperature of a slab measured immediately after a sudden ther-
mal shock is 300 C higher than that predicted by Fourier’s law
(Maurer and Thompson, 1973). The Fourier heat conduction theory
also breaks down at very low temperatures and when the applied
heat ﬂux is extremely large. Recent experimental and numerical
studies have also reported breakdown of Fourier’s law in nanoma-
terials, even if the phonon mean free path is much shorter than the
characteristic length (Tzou, 1995a). The mechanism may lie in the
ultrahigh-rate heat ﬂux resulted from the extremely high temper-
ature gradient or the extremely small cross sectional area. In these
cases, the traditional continuum assumption may be still valid,
even if the characteristic length falls into nanoscale (Wang et al.,
2011). Such phenomena are of great interests because of much
more potential technical and engineering applications, but still
lack fundamental understandings. To better explain heat conduc-ll rights reserved.
ang).tion in solids, non-Fourier heat conduction theories have been
developed.
One of the non-Fourier theories is hyperbolic heat conduction
theory. Cattaneo (1958) and Vernotte (1958) ﬁrst independently
introduced an additional material parameter, the thermal relaxa-
tion time, to generate a modiﬁcation of Fourier’s Law. The thermal
relaxation time introduced in the theory is the time that the tem-
perature ﬁeld needs to adjust itself to thermal disturbances. This
theory is called hyperbolic heat conduction because it results in a
hyperbolic differential equation for temperature rather than the
parabolic one obtained using Fourier’s law. Since the proposal of
the hyperbolic heat conduction model, several solutions have been
given in the literature. Gembarovic and Majernik (1988) investi-
gated non-Fourier effects in an insulated ﬁnite slab with a surface
heat ﬂux boundary conditions using Laplace transform. Lew-
andowska and Malinowski (1998) solved the hyperbolic equation
for a semi-inﬁnite body with a heat source. Later, Lewandowska
and Malinowski (2006) present an analytical solution for the case
of a thin slab symmetrically heated on both sides. Abdel-Hamid
(1999) modeled the non-Fourier heat conduction in a ﬁnite med-
ium subjected to a periodic heat ﬂux using the ﬁnite integral trans-
form technique. Also considered are the non-Fourier heat
conductions in a ﬁnite medium for the case of an arbitrary periodic
(Moosaie, 2007) and non-periodic (Moosaie, 2008) surface distur-
bances. Recently, Chen (2010) studied the hyperbolic heat conduc-
tion problems in cylinders using a hybrid Green’s function method.
Ateﬁ and Talaee (2011) established an analytical solution for the
non-Fourier axisymmetric temperature ﬁeld within a ﬁnite hollow
cylinder by using the hyperbolic heat conduction. Torabi and
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hyperbolic heat conduction in cylindrical coordinates subjected
to heat ﬂux boundary conditions. Solutions for the non-Fourier
hyperbolic heat conduction in a functionally graded heterogeneous
sphere (Babaei and Chen, 2008) and hollow cylinder (Babaei and
Chen, 2010) were also presented. In addition, Keles and Conker
(2011) conducted the non-Fourier hyperbolic heat conduction
analysis for heterogeneous hollow cylinders and spheres made of
functionally graded material. Clearly, most studies on the non-Fou-
rier heat conduction have been carried out for the development of
solution methods for the hyperbolic heat conduction equation. A
comprehensive review of numerical methods for such equation
has been given by Miller and Haber (2008).
It is well known that components subjected to temperature var-
iation usually give rise to defects or cracks, which will disturb the
local thermal ﬂow distribution. The high intensiﬁcation of the tem-
perature gradient may induce thermal stress that may cause rapid
crack growth. Hence, development of analyzing methods that can
effectively estimate the thermal ﬂow distribution in the materials
with cracks is essential. On the other hand, piezoelectric materials
are usually operated at the high temperature or lower temperature
environment. The temperature change in these materials can result
in severe thermal stresses. Because of the brittle nature of piezo-
electric materials, excessive thermal stresses can breakdown or re-
duce the functionality and reliability of these advanced materials.
Therefore, evaluation of coupling thermo-electro-mechanical
cracking of piezoelectric materials is a topic of great interest. Ueda
and Ashida (2009) studied the problem of an inﬁnite row of paral-
lel cracks in a nonhomogeneous material strip under static
mechanical and transient thermal loading conditions. Tsamasphy-
ros and Song (2005) constructed a general solution to the mechan-
ical and electric ﬁelds in a ﬁnite thermopiezoelectric plate
containing an isolated crack. Qin and Mai (2002) established a
boundary element formulation for the analysis of interaction be-
tween a hole and multiple cracks in piezoelectric materials. Gao
and Wang (2001) presented an explicit treatment of the general-
ized 2D thermopiezoelectric problem of an interfacial crack be-
tween two dissimilar thermopiezoelectric media by means of the
extend Stroh formalism. Qin (2000) obtained the General solutions
for thermopiezoelectrics with various holes under thermal loading.
Gao and Noda (2004) investigated the thermal-induced interfacial
cracking of magnetoelectroelastic materials.
There have been some pioneering investigations for the thermal
stresses around cracks in thermoelastic materials using the hyper-
bolic heat conduction model. Manson and Rosakis (1993a,b) pro-
posed a solution to the hyperbolic heat conduction equation for a
traveling point heat source around a propagating crack tip, and
measured the temperature distribution at the tip of a dynamically
propagating crack experimentally. Tzou (1990a) analyzed the ther-
mal ﬁeld around a moving crack tip and studied the effect of crack
velocity on the properties of the thermal shock. Other research in
the ﬁeld include the analysis of thermal-shock waves induced by
a moving crack-a heat-ﬂux formulation (Tzou, 1990b), a sud-
denly-opening crack in a coupled thermoelastic solid with thermal
relaxation (Brock and Hanson, 2006), the second sound in a
cracked layer based on Lord–Shulman theory (Zamani et al.,
2011). Recently, Chen and Hu (2012) gave a thermoelastic analysis
of a cracked half-plane under a thermal shock based on the hyper-
bolic heat conduction theory. More recently, Chen and Hu (2012)
studied the transient temperature and thermal stresses around a
partially insulated crack in a thermoelastic strip under a tempera-
ture impact by using the hyperbolic heat conduction theory.
This paper establishes a solution technique for the thermal frac-
ture of a piezoelectric material layer under the framework of
hyperbolic heat conduction model. Laplace transform is used to
solve the time-varying behavior of the thermoelectroelastic ﬁeld.Transient crack tip stress intensity factor is obtained to show the
inﬂuences of the non-Fourier effect, crack size and layer thickness.
Solution methods for the problems of heated crack (Section 3) and
thermally insulated crack (Section 4) are established separately.
2. Basic governing equations
In the X–Y–Z coordinate system, the constitutive equations for
the thermal ﬂux and balance equation for the temperature under
hyperbolic heat conduction law are (Tzou, 1995a; Wang and Han,
2012):
qiðXi; tÞ ¼ k
@TðXi; tÞ
@Xi
 sq @qiðXi; tÞ
@t
; ð1Þ
qcsq
@2T
@t2
þ qc @T
@t
¼ k @
2T
@X2
þ @
2T
@Y2
þ @
2T
@Z2
 !
; ð2Þ
where q denotes the heat ﬂux; k is the thermal conductivity coefﬁ-
cient, q is the mass density and c is the speciﬁc heat, and sq is the
thermal relaxation time, which is related to the collision frequency
of the molecules within the energy carrier. In has been assumed
that the thermal and temperature ﬁelds are not affected by the
mechanical ﬁelds and the heat source is neglected. The thermal
conduction equation (2) must be solved for prescribed boundary
and initial conditions. The initial conditions specify the temperature
and thermal ﬂux distributions at time zero. These are
TðXj;0Þ ¼ T0ðXj;0Þ and qiðXj;0Þ ¼ q0iðXj;0Þ. A quantity with an over
bar means that the quantity is prescribed. From Eq. (1), the initial
conditions for thermal ﬂux distribution can also be understood as
qc@TðXj;0Þ=@t ¼ q0i;iðXj;0Þ. In most cases, the initial temperature
and thermal ﬂux are zero. Consequently, the initial conditions are
equivalent to T(Xj, 0) = 0 and @T(Xj, 0)/@t = 0.
Consider the plane problem of a piezoelectric layer so that all
the ﬁeld variables are functions of X and Z only. The poling direc-
tion of the piezoelectric layer is parallel to the positive Z-axis. De-
note the displacements along the X- and Z-directions as u and w,
respectively, and the electric potential as /. Constitutive equations
for piezoelectric materials polarized along Z-direction are
rxx ¼ c11 @u
@X
þ c13 @w
@Z
þ e31 @/
@Z
 k11T; ð3aÞ
rzz ¼ c13 @u
@X
þ c33 @w
@Z
þ e33 @/
@Z
 k33T; ð3bÞ
rxz ¼ c44 @u
@Z
þ @w
@X
 
þ e15 @/
@X
; ð3cÞ
Dx ¼ e15 @u
@Z
þ @w
@X
 
 11 @/
@X
; ð3dÞ
Dz ¼ e31 @u
@X
þ e33 @w
@Z
 33 @/
@Z
 g33T; ð3eÞ
where rij and Di (i; j ¼ x; z) are stresses and electrical displace-
ments; cij, eij and ii are elastic constants, piezoelectric constants
and dielectric permittivities, respectively, kii are temperature-stress
coefﬁcients, g33 is temperature-electric displacement coefﬁcient. In
the absence of body forces and body charges, the equilibrium equa-
tions are given by
@rxx
@X
þ @rxz
@Z
¼ 0; @rxz
@X
þ @rzz
@Z
¼ 0; @Dx
@X
þ @Dz
@Z
¼ 0; ð4Þ
which can be expressed in terms of displacements and electric po-
tential with the substitution of constitutive equations (3). Note that
the electroelastic responses in the thermal stress approach here are
assumed to be instant. The approach used here has already been
adopted by other researchers for the determination of thermoelastic
deformation associated with non-Fourier heat conduction (Brock
and Hanson, 2006). It provides an easy yet sufﬁciently accurate
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Fourier heat conduction.
For a more systematic study, the following dimensionless
parameters are introduced: t ¼ t=sq, x ¼ X=A, z ¼ Z=A, h ¼ H=A,
l0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ksq=ðqcÞ
p
and a = A/l0, where l0 is a characteristic length
parameter of the material. Accordingly, the thermal ﬂux in the Z
direction (see Eq. (1)) and the temperature governing equation
(2) can be re-written as
qzðXi; tÞ ¼ 
k
A
@TðXi; tÞ
@z
 @qiðXi; tÞ
@t
; ð5Þ
and
@2T
@x2
þ @
2T
@z2
¼ a2 @
2T
@t2
þ @T
@t
 !
; ð6Þ
respectively.
In the following analysis, Laplace transform will be adopted.
The Laplace transform of a function MðtÞ is deﬁned as
MðpÞ ¼ R10 MðtÞ expðptÞdt, whose Laplace inversion is
MðtÞ ¼ 12pi
R
Br M
ðpÞ expðptÞdp, in which Br stands for the Bromwich
path of integration. Here and in the following a variable with a
superscript ⁄ represents its Laplace transform. The time-depen-
dence in Eqs. (5) and (6) can be eliminated by the application of
Laplace transform.
3. The heated crack
In numerous cases of practical importance we encounter heat
sources acting inside the elastic body. These sources may be point,
line, surface or volume sources. If the thermal generation by a ther-
mal source is strong enough, signiﬁcant stress may develop and
crack may initiate inside the media. Therefore, it is necessary to
study the cracking due to internal thermal source in the materials.
In this section, we investigate the state of stress due to the action of
a heated Grifﬁth crack in the medium. In such case, the thermal
load can produce the mode I stress singularity near the crack front.
Imagine a Grifﬁth crack of length 2a located in the X–Z plane
(which is perpendicular to Z-axis) in the center of the mediumA
X
Z
2H
q0(X, t)
q0(X, t)
A
X
Z
2H
q0(X, t)
Fig. 1. (a) A ﬁnite medium with heated crack with a prescribed thermal ﬂow on the
crack faces. (b) A thermally insulated crack in a medium whose surface is subjected
to a prescribed thermal ﬂow (the crack is at the center of the medium, the thickness
of the medium is 2H, the crack length is 2A).(Fig. 1(a)). The crack behaves as an internal heat source so that it
provides a thermal ﬂux q0(X, t) in the positive Z direction on
the upper crack face and in the negative Z direction on the lower
crack face. For such a problem, all ﬁeld quantities are symmetric
with respect to the Z = 0 plane. Therefore, one can see that
qz(x,z + 0,t) = qz(x,z  0, t). Since the thermal ﬂux must be continu-
ous outside of the crack, the normal component of the thermal
ﬂux vector qz(x,z, t) must vanish on the Z = 0 plane out of the crack
region. Due to symmetry, one only need to consider the upper half
medium of the problem with the following boundary conditions on
the Z = 0 plane.
qzðx; z ¼ 0; tÞ ¼ q0ðX; tÞ for jXj < A; ð7aÞ
and
qzðx;0; tÞ ¼ 0 for jXjP A: ð7bÞ
The thermal boundary conditions on the top and bottom sur-
faces of the layer are as follows:
(1) The temperature on the top and bottom surfaces are pre-
scribed as T1(r), or
(2) the thermal ﬂuxes on the top surface and bottom surface of
the layer are prescribed, respectively, as q1(r) and q1(r).
Let us now examine the symmetry of the problem. Evidently,
the stresses and displacements have the relations rzz(x,z) = rzz
(x,z), rxz(x,z) = rxz(x,z), Dz(x,z) = Dz(x,z), Dx(x,z) = Dx(x,z),
u(x,z) = u(x,z), w(x,z) = w(x,z), /(x,z) = /(x,z). In addition,
we assume that the crack is electrically permeable so that it does
not obstruct any electric ﬁeld so that the normal component of
the electric displacement vector and the tangential component of
the electric ﬁeld vector are continuous (Dunn, 1994; Shindo
et al., 1990; Shindo et al., 2000; Mikahailov and Parton, 1990).
Summarizing, on the boundary Z = 0 of the medium ZP 0, there
exist the following mechanical conditions:
(1) on the entire Z = 0 plane,rxz ¼ 0; Dx ¼ 0; / ¼ 0; jXjP 0 and Z ¼ 0; ð8aÞ
(2) inside the crack,rzz ¼ 0; jXj < A and Z ¼ 0; ð8bÞ
(3) outside the crack,w ¼ 0; jXjP A and Z ¼ 0: ð8cÞ
Note that the electrical boundary conditions on the crack faces for
piezoelectric fracture analysis remain a controversial problem. The
permeable crack assumption treats the crack as electrically con-
ductive and the impermeable assumption considers the crack as
electrically insulated. While many authors used impermeable
crack assumption, there are also a number of world class authors
treated the crack as electrically permeable. The applicability of
the crack face electric boundary conditions depends largely on,
(1) ratio of the electric permeability of the piezoelectric medium
and the electric permeability of the medium inside the crack;
and (2) the aspect ratio (the height to length ratio) of the crack.
If the ratio of the electric permeability of the piezoelectric medium
and the electric permeability of the medium inside the crack is
high and the height to length ratio of the crack is large, the crack
can be considered as an impermeable one. If the ratio of the electric
permeability of the piezoelectric medium and the electric perme-
ability of the medium inside the crack is not high or the height
to length ratio of the crack is small, the crack can be considered
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able assumption. It is valid at least for two cases: (1) the crack is
ﬁlled with media of high electric permeability and (2) the upper
face and the lower face of the crack are very close (this means that
the height to length ratio of the crack is small).3.1. The temperature ﬁeld
Due to symmetry, it is sufﬁcient to consider the upper right part
of the media. A solution to Eq. (6) in the Laplace transform domain
can be obtained by employing the Fourier transform. To give
Tðx; zÞ ¼ Tðx; zÞ þ 2
p
Z 1
0
AðsÞesk0z þ BðsÞesk0z
h i
cosðsxÞds; ð9Þ
where AðsÞ and BðsÞ are unknown functions to be determined, and k0
is
k0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a
2ðp2 þ pÞ
s2
r
; ð10Þ
and T is a homogeneous solution satisfying the thermal boundary
conditions on the top and bottom surfaces of the media: (1) if the
temperature on the top and bottom surfaces of the media are pre-
scribed, then Tðx; zÞ ¼ T1ðxÞ; and (2) if the thermal ﬂux on the top
and bottom surface of the media are prescribed, then
Tðx; zÞ ¼ q0ðxÞjzj=k.
The thermal ﬂux along the Z direction in the Laplace transform
domain associated with Eq. (9) can be calculated from the Laplace
transform of Eq. (5). The unknown functions AðsÞ and BðsÞ will be
determined from the thermal boundary conditions of the problem.
It follows from the boundary conditions (7a) and (7b) that
2
p
Z 1
0
sk0½AðsÞ  BðsÞ cosðsxÞds ¼ 0; x > 1; ð11aÞ2
p
Z 1
0
sk0 AðsÞ  BðsÞ
h i
cosðsxÞds ¼ Að1þ pÞ
k
q0ðxA;pÞ;
x < 1; ð11bÞ
where q0ðxA;pÞ is the Laplace transform of q0(x, t). Eqs. (11a) and
(11b) give the solution
AðsÞ  BðsÞ ¼ 1
k0
Að1þ pÞ
k
Z 1
0
1
s
q0ðrA; pÞ cosðsrÞdr: ð12Þ
Using the surface thermal boundary condition on the z = h plane, it
can be seen that Aesk0h þ Besk0h ¼ 0 for the prescribed temperature
on the medium surfaces, and Aesk0h  Besk0h ¼ 0 for the prescribed
thermal ﬂux on the medium surfaces. As a result, A and B are
A ¼ e
sk0h
esk0h þ esk0h
Að1þ pÞ
k0sk
Z 1
0
q0ðrA;pÞ cosðsrÞdr; ð13aÞB ¼  e
sk0h
esk0h þ esk0h
Að1þ pÞ
k0sk
Z 1
0
q0ðrA;pÞ cosðsrÞdr; ð13bÞ
for the prescribed temperature on the media surfaces, and
A ¼ e
sk0h
esk0h  esk0h
Að1þ pÞ
k0sk
Z 1
0
q0ðrA;pÞ cosðsrÞdr; ð14aÞB ¼ e
sk0h
esk0h  esk0h
Að1þ pÞ
k0sk
Z 1
0
q0ðrA; pÞ cosðsrÞdr; ð14bÞ
for the prescribed thermal ﬂux on the media surfaces.3.2. Electroelastic ﬁelds associated with the temperature ﬁeld
The complete solution to the elastic equilibrium equation (4) in
the Laplace transform domain is the sum of the homogeneous solu-
tion and a particular solution. The homogeneous solution, which
does not include the temperature effect, can be obtained by means
of Fourier transform with respect to variable r. To give
uðr; zÞ
wðr; zÞ
/ðr; zÞ
8><
>:
9>=
>; ¼
2
p
Z 1
0
X6
m¼1
FmðsÞ
a1m sinðsxÞ
a2m cosðsxÞ
a3m cosðsxÞ
8><
>:
9>=
>;eskmzds; ð15Þ
where Fm(s) are unknown functions (m ¼ 1; . . . ;6). By substituting
Eq. (15) into Eq. (4), km are found to obey:
c11  c44k2m ðc13 þ c44Þkm ðe31 þ e15Þkm
ðc13 þ c44Þkm c33k2m  c44 e33k2m  e15
ðe31 þ e15Þkm e33k2m  e15 11  33k2m

 ¼ 0; ð16Þ
and the constants aim are:
a1m ¼ 1;
a2m
a3m
 
¼  ðc13 þ c44Þkm ðe31 þ e15Þkmðe31 þ e15Þkm e33k2m  e15
 	1
c11  c44k2m
ðc13 þ c44Þkm
( )
:
ð17Þ
Eq. (16) has six solutions for km. Obviously, if km is a root of the
determinant then-km is also a root of the determinant. In the follow-
ing analysis, the order of roots km (m ¼ 1; . . . ;6) will be arranged
such that Reðk1Þ < 0, Reðk2Þ < 0, Reðk3Þ < 0, and k4 = k1, k5 = k2
and k6 = k3.
The particular solution of the electroelastic equilibrium equa-
tions is associated with the temperature ﬁeld. It can be veriﬁed
that the following is a particular solution:
uðx; zÞ
wðx; zÞ
/ðx; zÞ
8><
>:
9>=
>; ¼
2
p
A
Z 1
0
f1 sinðsxÞ
f2 cosðsxÞ
f3 cosðsxÞ
8><
>:
9>=
>;
1
s
AðsÞesk0zds
þ 2
p
A
Z 1
0
f1 sinðsxÞ
f2 cosðsxÞ
f3 cosðsxÞ
8><
>:
9>=
>;
1
s
BðsÞesk0zds;
ð18Þ
with
f1
f2
f3
8><
>:
9>=
>; ¼
c44k
2
0  c11 ðc13 þ c44Þk0 ðe31 þ e15Þkm
ðc13 þ c44Þk0 c33k20  c44 e33k2m  e15
ðe31 þ e15Þkm e33k2m  e15 11  33k2m
2
64
3
75
1

k11
k33k0
g33k0
8><
>:
9>=
>;:
ð19Þ
From the constitutive relations in Eq. (3), the following thermal
stresses are obtained:
rzz¼
2
p
X6
m¼1
C1m
A
Z 1
0
sFmðsÞeskmz cosðsxÞdsþ2pD1
Z 1
0
AðsÞesk0z cosðsxÞds
þ2
p
D1
Z 1
0
BðsÞesk0zcosðsxÞds; ð20aÞ
rxz ¼
2
p
X6
m¼1
C2m
A
Z 1
0
sFmðsÞeskmz sinðsxÞds
þ 2
p
D2
Z 1
0
AðsÞesk0zsinðsxÞds 2
p
D2
Z 1
0
BðsÞesk0z sinðsxÞds;
ð20bÞ
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2
p
X6
m¼1
C3m
A
Z 1
0
sFmðsÞeskmz cosðsxÞdsþ 2pD3

Z 1
0
AðsÞesk0z cosðsxÞdsþ 2
p
D3
Z 1
0
BðsÞesk0z cosðsxÞds; ð20cÞ
where the coefﬁcients Cim and Di are listed in Appendix A.
Through the derivation above, all results have been expressed in
terms of unknowns Fm (m ¼ 1; . . . ;6), which can be determined
from the mechanical boundary conditions on the z = 0 and z = h
planes. Denote
P6
m¼1FmðsÞa2m þ Af2s AðsÞ cosðsxÞ  Af2s BðsÞ ¼ F0ðsÞ.
From the boundary condition / = 0 on the entire z = 0 plane, the
boundary condition rxz = 0 on the entire z = 0 plane, and the
boundary conditions rzz = 0, rxz = 0 and Dz = 0 on the entire z = h
plane, the unknown functions Fm (m ¼ 1; . . . ;6) can be related to
g(x) as:
Fm ¼ fm0ðsÞF0ðsÞ  As fmaðsÞAðsÞ 
A
s
fmbðsÞBðsÞ; ð21Þ
where fm0 and fma (m ¼ 1; . . . ;6) are:
f10
f20
f30
f40
f50
f60
8>>>>><
>>>>:
9>>>>>=
>>>>;
¼ D
1
0
0
0
0
0
8>>>>><
>>>>:
9>>>>>=
>>>>;
;
f1a
f2a
f3a
f4a
f5a
f6a
8>>>>><
>>>>:
9>>>>>=
>>>>;
¼ D
f2
f3
D2
D1esk0h
D3esk0h
D2esk0h
8>>>>><
>>>>:
9>>>>>=
>>>>;
;
f1b
f2b
f3b
f4b
f5b
f6b
8>>>><
>>>>>:
9>>>>=
>>>>>;
¼ D
f2
f3
D2
D1esk0h
D3esk0h
D2esk0h
8>>>><
>>>>>:
9>>>>=
>>>>>;
;
ð22Þ
and where D(s) is the inversion of a matrix whose ith column is
ða2i; a3i; C2i;C1ieskih;C3ieskih;C2ieskihÞT.
Now the only unknown function is F0(s), which can be deter-
mined from the stress boundary condition on the crack faces. With
the substitution of Eq. (21), the normal stress rzz(r,0) on the z = 0
plane can be obtained as follows:
rzzðx;0Þ ¼ 2p
1
A
Z 1
0
sKðsÞF0ðsÞ cosðsxÞds PðxÞ; ð23Þ
where KðsÞ ¼P6m¼1C1mfm0 and P(x) is the equivalent stress produced
by the temperature ﬁeld
PðxÞ ¼ 2
p
Z 1
0
X6
m¼1
C1mfma  D1
 !
AðsÞ þ
X6
m¼1
C1mfmb  D1
 !
BðsÞ
" #
 cosðsxÞds: ð24Þ
Note that K(s) approaches a constant K0 for large values of s. Using
the condition rzz(x,0) = 0 for X < A. It follows from Eq. (24) thatZ 1
0
s
KðsÞ
K0
F0ðsÞ cosðsxÞds ¼ pAPðxÞ2K0 ; x < 1; ð25Þ
From the boundary condition (8c), it follows from Eqs. (15) and (18)
thatZ 1
0
F0ðsÞ cosðsxÞds ¼ 0; x > 1: ð26Þ
Following Sih and Chen (1981), it is possible to show that the dual
integral equations (25) and (26) have the following solution
F0ðsÞ ¼
Z 1
0
ﬃﬃ
r
p
wðrÞJ0ðsrÞdr; ð27Þwhere w(r) is governed by
K0wðxÞ þ
Z 1
0
Xðx; rÞwðrÞdr ¼ AQðxÞ ¼ ﬃﬃﬃxp AZ x
0
PðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  t2
p dt: ð28Þ
The kernel given by
Xðx; rÞ ¼ ﬃﬃﬃﬃﬃxrp Z 1
0
sðKðsÞ K0ÞJ0ðsxÞJ0ðsrÞds ð29Þ
is symmetric in x and r. Eq. (28) is a Fredholm integral equation and
can be solved by standard collocation method.
On the other hand, with the substitution of Eq. (24) and apply-
ing Poisson’s integral J0ðsxÞ ¼ 2p
R x
0
cosðstÞﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2t2
p dt, the right hand side of
Eq. (28) is reduced to
QðxÞ ¼ ﬃﬃﬃxp Z 1
0
X6
m¼1
C1mfma  D1
 !
AðsÞ
"
þ
X6
m¼1
C1mfmb  D1
 !
BðsÞ
#
J0ðsxÞds: ð30Þ
Substituting Eq. (13) (or Eq. (14)) into Eq. (30), we ﬁnd that
QðxÞ ¼ Að1þ pÞ
k
Z 1
0
Pðx; rÞq0ðrA;pÞdr; ð31Þ
where
Pðx; rÞ ¼ ﬃﬃﬃxp Z 1
0
MðsÞ1
s
J0ðsxÞ cosðsrÞds; ð32Þ
and where
MðsÞ ¼
X6
m¼1
C1mfma  D1
 !
esk0h=k0
esk0h þ esk0h

X6
m¼1
C1mfmb  D1
 !
esk0h=k0
esk0h þ esk0h ; ð33aÞ
for the prescribed temperature on the layer surfaces, or
MðsÞ ¼
X6
m¼1
C1mfma  D1
 !
esk0h=k0
esk0h  esk0h
þ
X6
m¼1
C1mfmb  D1
 !
esk0h=k0
esk0h  esk0h ; ð33bÞ
for the prescribed thermal ﬂux on the layer surfaces.
Now, Eq. (27) may be integrated by parts to yields
F0ðsÞ ¼ 1s ½wð1ÞJ1ðsÞ þ   ; ð34Þ
which may, in turn, be used to derive the local stresses given by Eq.
(20). If we deﬁne the mode I stress intensity factor k1 according to
k1 ¼ limX!Aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðX  AÞp rzzðx;0Þ, then rzzðx;0Þ ¼ k1= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pðX  AÞp for
X  A+. As a result, the Laplace transform of k1 can be determined
from
k1 ¼ 
2K0wð1Þﬃﬃﬃﬃﬃﬃ
pA
p : ð35Þ
The function w(1) is determined from Eq. (28). In fact, with the sub-
stitution of Eq. (34) and neglecting the high order terms, the stress
near the crack front can be obtained from Eq. (23) as
rzzðx;0Þ ¼ 2p K0A wð1Þ
R1
0 J1ðsÞ cosðsxÞds. Using the known result
(Gradshteyn and Ryzhik, 1965):
R1
0 J1ðsÞ cosðsxÞds ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃx21p xþ ﬃﬃﬃﬃﬃﬃﬃﬃx21pð Þ
for x > 1, the stress intensity factor expression (35) can be obtained.
Finally, after the solution in the Laplace transform domain is ob-
tained, the solution in time domain is obtained by the numerical
Laplace inversion. It is noted that no universally accepted method
of numerical Laplace inversion is available at present. In order to
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the method of Stehfest (1970), which has the following form:
MðtÞ ¼ lnð2Þ
t
X2N
n¼1
CnM
 n lnð2Þ
t
 
; ð36Þ
where M⁄(p) is the Laplace transform of the function M(t), and
Cn ¼ ð1ÞnþN
Xminðn;NÞ
m¼int½ðnþ1Þ=2
mNð2mÞ!
ðN mÞ!m!ðm 1Þ!ðnmÞ!ð2m nÞ! :
ð37Þ
This method has reasonable accuracy for a fairly wide range of
Laplace transforms (Davies and Martin, 1979). Note that other
method, such as the Riemann sum approximation of the Fourier
integral transformed from the Laplace inversion integral has been
used extensively in obtaining the time responses associated with
the non-Fourier heat conduction (Tzou, 1995a,b; Tzou et al.,
1994). The approach to determine the ﬁeld intensity factor in the
Laplace transform domain and to use the numerical inversion (of
Laplace transform) to obtain the transient response in real time
was ﬁrst used by Tzou for the investigation of intensiﬁcation of
externally applied magnetic ﬁeld around a crack in layered compos-
ite (Tzou, 1985).
This completes the solution of the thermoelastic crack tip ﬁeld
intensity factor for the heated crack. The problem of thermally
insulated crack will be studied subsequently.
4. The thermally insulated crack
Here, the crack is thermally insulted so that the normal compo-
nent of the thermal ﬂow vector on the crack faces is zero. The heat-
ing ﬂow or the temperature on the upper and lower surfaces of the
medium may be prescribed. The crack geometry and thermal
boundary conditions are shown in Fig. 1(b). In the problem under
consideration, the temperature ﬁeld is anti-symmetric and the
thermal ﬂow is symmetric with respect to Z = 0. The temperature
outside of the interval [a,a] on the Z = 0 plane does not change.
As in the mechanics of fracture, the crack problem is solved by
the method of superposition (Rizka and Radwana, 1992; Erdogan,
1995). Thus, in the problem considered it will be assumed that,
through a proper superposition, the solution for the un-cracked
medium under given applied thermal ﬂow has been separated
and the known self-equilibrating crack surfaces thermal ﬂow is
the only external load. Therefore, there are mixture boundary con-
ditions on the Z = 0 plane:
qzðx; z ¼ 0; tÞ ¼ q0ðX; tÞ; jXj < A; ð38aÞ
Tðx; z ¼ 0; tÞ ¼ 0; jXjP A: ð38bÞ
Note that the symmetry condition in Eq. (38b) is of Dirichlet type. In
the problem under consideration, T is the temperature change of the
medium from its initial state. Such a fact means that the thermo-
elastic ﬁeld will remain the same if the Neumann (spatial derivative
of the temperature) type of boundary condition is used to describe
the symmetry condition.
4.1. The temperature ﬁeld
With the substitution of Eq. (9) and the constitutive equations
for the thermal ﬂux, Eqs. (38a) and (38b) give a system of dual inte-
gral equations:
2
p
Z 1
0
AðsÞ þ BðsÞ
h i
cosðsxÞds ¼ 0; x > 1; ð39aÞ
2
p
Z 1
0
sk0 AðsÞ  BðsÞ
h i
cosðsxÞds ¼ Að1þ pÞ
k
q0ðxA; pÞ; x < 1;
ð39bÞwhere q0ðxA; pÞ is the Laplace transform of q0(x, t). Eq. (39a) is
identically satisﬁed if AðsÞ þ BðsÞ ¼ R 10 ﬃﬃrp /ðrÞJ0ðsrÞdr. Using the
surface thermal boundary condition on the z = h plane, it can be
seen that Aesk0h þ Besk0h ¼ 0 for the prescribed temperature on
the media surfaces, and Aesk0h  Besk0h ¼ 0 for the prescribed
thermal ﬂux on the media surfaces. As a result, A and B are related
to /(r) according to
A ¼ e
sk0h
esk0h  esk0h
Z 1
0
ﬃﬃ
r
p
/ðrÞJ0ðsrÞdr; ð40aÞ
B ¼  e
sk0h
esk0h  esk0h
Z 1
0
ﬃﬃ
r
p
/ðrÞJ0ðsrÞdr; ð40bÞ
for the prescribed temperature on the media surfaces, and
A ¼ e
sk0h
esk0h þ esk0h
Z 1
0
ﬃﬃ
r
p
/ðrÞJ0ðsrÞdr; ð41aÞ
B ¼ e
sk0h
esk0h þ esk0h
Z 1
0
ﬃﬃ
r
p
/ðrÞJ0ðsrÞdr; ð41bÞ
for the prescribed thermal ﬂux on the media surfaces. By substitut-
ing Eq. (40) (or Eq. (41)) into Eq. (39b), it can be seen thatZ 1
0
sK0ðsÞ
Z 1
0
ﬃﬃ
r
p
/ðrÞJ0ðsrÞdr
 
cosðsxÞds
¼ pAð1þ pÞ
2k
q0ðxA; pÞ; x < 1; ð42Þ
where K0(s) is K0ðsÞ ¼ k0 cothðsk0hÞ for the prescribed temperature
on the media surfaces and K0ðsÞ ¼ k0 tanhðsk0hÞ for the prescribed
thermal ﬂux on the media surfaces. It can be seen that when s ap-
proaches inﬁnity, K0(s) becomes 1.
Following Sih and Chen (1981), it can be seen that where /(r) is
governed by
/ðxÞ þ
Z 1
0
X0ðx; rÞ/ðrÞdr ¼
ﬃﬃﬃ
x
p Að1þ pÞ
k
Z x
0
q0ðtA;pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  t2
p dt; ð43Þ
where the kernel given by
X0ðx; rÞ ¼
ﬃﬃﬃﬃﬃ
xr
p Z 1
0
sðK0ðsÞ  1ÞJ0ðsxÞJ0ðsrÞds ð44Þ
is symmetric in x and r. Eq. (43) is a Fredholm integral equation and
can be solved by standard collocation method.
4.2. Elastic ﬁeld associated with the temperature ﬁeld
Let us now examine the electroelasticity of the problem.
Evidently, the stresses and displacements have the relations
rzz(x,z) = rzz(x, z), Dz(x,z) = Dz(x, z), rxz(x,z) = rxz(x, z),
Dx(x,z) = Dx(x,z), u(x,z) = -u(x,z), w(x,z) =w(x,z) and /(x,z) =
/(x,z). Summarizing, on the boundary Z = 0 of the media ZP 0,
there exist the following mechanical conditions:
(1) on the entire Z = 0 plane,rzz ¼ 0; Dz ¼ 0; jXjP 0 and Z ¼ 0; ð45aÞ
(2) inside the crack,rxz ¼ 0; jXj < A and Z ¼ 0; ð45bÞ
(3) outside the crack,u ¼ 0; jXjP A and Z ¼ 0: ð45cÞ
Through the derivation in Section 3, all results have been expressed
in terms of unknowns Fm (m ¼ 1; . . . ;6), which can be determined
from the mechanical boundary conditions on the z = 0 and z = h
planes. Denote
P6
m¼1FmðsÞa1m þ Af1s AðsÞ cosðsxÞ þ Af1s BðsÞ ¼ F0ðsÞ.
From the boundary conditions rzz = 0 and Dz = 0 on the entire
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on the entire z = h plane, the unknown functions Fm
(m ¼ 1; . . . ;4) can be related to g(x) as:Fm ¼ fm0ðsÞF0ðsÞ  As fmaðsÞAðsÞ 
A
s
fmbðsÞBðsÞ; ð46Þ
where fm0 and fma (m ¼ 1; . . . ;6) are:
f10
f20
f30
f40
f50
f60
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
¼ D
1
0
0
0
0
0
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
;
f1a
f2a
f3a
f4a
f5a
f6a
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
¼ D
f1
D1
D3
D1esk0h
D3esk0h
D2esk0h
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
;
f1b
f2b
f3b
f4b
f5b
f6b
8>>>>><
>>>>:
9>>>>>=
>>>>;
¼ D
f1
D1
D3
D1esk0h
D3esk0h
D2esk0h
8>>>>><
>>>>:
9>>>>>=
>>>>;
;
ð47Þ
and where D(s) is the inversion of a matrix whose ith column is
a1i;C1i;C3i;C1ieskih;C3ieskih;C2ieskih

 T
.
Now the only unknown function is F0(s), which can be deter-
mined from the stress boundary conditions on the crack faces.
With the substitution of Eq. (46), the shear stress rxz(r,0) on the
z = 0 plane can be obtained as follows:
rxzðx;0Þ ¼ 2p
1
A
Z 1
0
sKðsÞF0ðsÞ sinðsxÞds PðxÞ; ð48Þ
where KðsÞ ¼P6m¼1C2mfm0 and P(x) is the equivalent stress produced
by the temperature ﬁeld
PðxÞ ¼ 2
p
Z 1
0
X6
m¼1
C2mfma  D2
 !
AðsÞ þ
X6
m¼1
C2mfmb þ D2
 !
BðsÞ
" #
 sinðsxÞds: ð49Þ
Note that K(s) approaches a constant K0 for large values of s. Using
the condition rxz(x,0) = 0 for X < A. It follows from Eq. (48) thatZ 1
0
s
KðsÞ
K0
F0ðsÞ sinðsxÞds ¼ pAPðxÞ2K0 ; x < 1: ð50Þ
On the other hand, from the boundary condition (45c) and using
Eqs. (15) and (18), it can be seen thatZ 1
0
F0ðsÞ sinðsxÞds ¼ 0; xP 1: ð51Þ
Following Sih and Chen (1981), it is possible to show that the dual
integral equations (50) and (51) have the following solution
F0ðsÞ ¼
Z 1
0
ﬃﬃ
r
p
wðrÞJ1ðsrÞdr; ð52Þ
where w(r) is governed by
K0wðxÞ þ
Z 1
0
Xðx; rÞwðrÞdr ¼ AQðxÞ ¼ x1=2A
Z x
0
tPðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  t2
p dt: ð53Þ
The kernel given by
Xðx; rÞ ¼ ﬃﬃﬃﬃﬃxrp Z 1
0
sðKðsÞ K0ÞJ1ðsxÞJ1ðsrÞds ð54Þ
is symmetric in x and r. Eq. (53) is a Fredholm integral equation and
can be solved by standard collocation method.On the other hand, with the substitution of Eq. (49) and apply-
ing the known integral xJ1ðsxÞ ¼ 2p
R x
0
t sinðstÞﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2t2
p dt, the right hand side
of Eq. (53) can be reduced to
QðxÞ ¼ ﬃﬃﬃxp Z 1
0
X6
m¼1
C2mfma  D2
 !
AðsÞ
"
þ
X6
m¼1
C2mfmb þ D2
 !
BðsÞ
#
J1ðsxÞds: ð55Þ
Substituting Eq. (40) (or Eq. (41)) into Eq. (55), we ﬁnd
QðxÞ ¼
Z 1
0
Pðx; rÞ/ðrÞdr; ð56Þ
where
Pðx; rÞ ¼ ﬃﬃﬃﬃﬃxrp Z 1
0
MðsÞJ1ðsxÞJ0ðsrÞds; ð57Þ
and where
MðsÞ ¼
X6
m¼1
C2mfma  D2
 !
esk0h
esk0h  esk0h

X6
m¼1
C2mfmb þ D2
 !
esk0h
esk0h  esk0h ; ð58aÞ
for the prescribed temperature on the layer surfaces, or
MðsÞ ¼
X6
m¼1
C2mfma  D2
 !
esk0h
esk0h þ esk0h
þ
X6
m¼1
C2mfmb þ D2
 !
esk0h
esk0h þ esk0h ; ð58bÞ
for the prescribed thermal ﬂux on the layer surfaces.
In order to improve the convergence of Eq. (57), the value of the
integral kernel as s?1may be used. Note that as s?1,M(s) be-
comes a constant, which is denoted as M0. Hence,
Pðx; rÞ ¼ M0
ﬃﬃﬃﬃﬃ
xr
p Z 1
0
J1ðsxÞJ0ðsrÞdsþ
ﬃﬃﬃﬃﬃ
xr
p

Z 1
0
MðsÞ M0ð ÞJ1ðsxÞJ0ðsrÞds: ð59Þ
The ﬁrst term on RHS of Eq. (59) can be evaluated by using the con-
dition that
R1
0 J1ðsxÞJ0ðsrÞds is zero if r > x and the integral is 1/x for
r < x and 1/(2x) for r = x.
Now, Eq. (52) may be integrated by parts to yields
F0ðsÞ ¼ 1s ½wð1ÞJ0ðsÞ þ   ; ð60Þ
which may, in turn, be used to derive the local stresses given by Eqs.
(20). If we deﬁne the mode II stress intensity factor k2 according to
k2 ¼ limX!Aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðX  AÞp rxzðx;0Þ, then rxzðx; 0Þ ¼ k1= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pðX  AÞp
for X  A+. As a result, the Laplace transform of k1 can be determined
from
k2 ¼ 
2K0wð1Þﬃﬃﬃﬃﬃﬃ
pA
p : ð61Þ
The function w(1) is determined from Eq. (53). In fact, with the sub-
stitution of Eq. (60) and neglecting the high order terms, the stress
near the crack front can be obtained from Eq. (48) as
rxzðx;0Þ ¼  2p K0A wð1Þ
R1
0 J0ðsÞ sinðsxÞds. Using the known result
(Gradshteyn and Ryzhik, 1965):
R1
0 J0ðsÞ sinðsxÞds ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃx21p for x > 1,
the stress intensity factor expression (61) can be obtained.
In the case of an inﬁnite medium subjected to a steady and
homogeneous thermal ﬂux, the solution can be obtained in closed
form. In this case, the integral kernel X0(x,r) of Eq. (44) vanishes.
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M(s) becomes M0 and P(x,r) becomes
ﬃﬃﬃﬃﬃ
xr
p
M0=x for r < x. From Eq.
(53) we see that K0w(1) = AQ(1), where Q(1) is calculated from
Eq. (56) as Qð1Þ ¼ R 10 Pð1; rÞ/ðrÞdr. With the substitution of /(x)
and P(1,r), it can be seen that Qð1Þ ¼  Ak p4 q0. Thus
k2 ¼
ﬃﬃ
p
p
2
M0
k A
3=2q0.
Sections 3 and 4 complete the analysis of the piezoelectric layer
with a crack under non-Fourier heat conduction. After obtaining
the crack tip stress intensity factors, the electroelectric ﬁelds
around the crack tip can be obtained from the classical piezoelec-
troelastic solution (e.g., Suo et al., 1992). Limiting case of the cur-
rent problem leads to the existing solution based on Fourier heat
conduction model when the thermal relaxation time vanishes. In
addition, the thermoelastic crack problem is a special case of the
current model with vanishing electromechanical coupling coefﬁ-
cients, which has been given by Hu and Chen (2012). For example,
the isotropic material with Young’s modulus E, Poisson’s ratio t
and the coefﬁcient of thermal expansion a has the temperature-
stress coefﬁcient k11 = k33 = Ea/(1  2t). The parameter K0 is found
to be K0 = E/[2(1  t2)], and parameter M0 is found to be
M0 = Ea/[2(1  t)]. At the steady-state (i.e., t?1) and for inﬁ-
nite medium, the stress intensity factor for the thermally insulated
crack is
k20 ¼
ﬃﬃﬃ
p
p
4
Ea
kð1 tÞA
3=2q0: ð62Þ
The value of k20 for an inﬁnite elastic medium subjected to a con-
stant thermal ﬂow q0 obtained here is new and was not obtained
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Fig. 3. Thermal stress intensity factor k1 vs. time for different values of crack length
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).5. Numerical results and discussions
Numerical results are obtained for a PZT-4 piezoelectric mate-
rial layer. The electromechanical properties of the material are
same as those given by Park and Sun (1995). In all calculations,
N = 6 in the numerical Laplace inversion has been adopted. Results
become stable for NP 6 and the curve for NP 6 are found to be
similar to exact solution which cannot obtained in other way.
5.1. The heated crack
In this case, a sudden thermal ﬂux q0 applied in the positive Z
direction on the upper crack face and in the negative Z direction
on the lower crack face crack is studied. The key quantities govern-
ing the thermoelastic behavior at the crack front of the material is
the thermal stress intensity factor k1. At steady state (i.e., t?1),
for a thermal ﬂux applied along the entire Y = 0 plane, the temper-
ature difference for a distance l0 in the Y direction is DT0 = l0q0/k0.
The value of k10 ¼ DT0
ﬃﬃﬃﬃﬃﬃﬃ
pl0
p
¼ ðk33l0q0=k0Þ
ﬃﬃﬃﬃﬃﬃﬃ
pl0
p
is used to normal-
ize the transient stress intensity factor.
Figs. 2 and 3 depict the thermal stresses intensity factors as a
function of time for different values of medium thickness and crack
length. For comparison, results for the classical Fourier model are
also given. Generally, the stress intensity factor increases with
increasing medium thickness and crack length. The non-Fourier
solutions show considerable oscillations before reach the corre-
sponding steady solutions. The classical Fourier solution, however,
are smooth functions of time. In all cases, the stress intensity factor
for non-Fourier is higher than that for the classical Fourier model.
Especially, for small medium thickness or crack length, the thermal
stress intensity factors based on the non-Fourier model are very
signiﬁcant comparing with those based on the Fourier model.
Obviously, the non-Fourier effect in thermal conduction results in
signiﬁcant inﬂuence on the thermally induced stress near the crack
tip. As expected, when time becomes sufﬁciently large, the normal-ized thermal stress intensity factors for the non-Fourier model and
the Fourier model are same. In Fig. 4, the values of the steady-state
stress intensity factor k1 are plotted as a function of medium thick-
ness. Here k1 is normalized by k10 ¼ ðk33Aq0=k0Þ
ﬃﬃﬃﬃﬃﬃ
pA
p
so that the
results do not depend on the crack length. In addition, the material
parameter l0 does not inﬂuence k1 at the steady-state. Clearly, the
normalized stress intensity factor is a monotonously increase func-
tion of medium thickness.5.2. The insulated crack
In this case, a sudden thermal ﬂux q0 applied in the negative Z
direction on the upper and lower crack faces is studied. The value
of the steady stress intensity factor k20 ¼
ﬃﬃ
p
p
2
M0
k A
3=2q0 for the inﬁ-
nite medium subjected to a constant thermal ﬂow q0 is used to
normalize the transient thermal stress intensity factors.
Figs. 5 and 6 show the mode II thermal stress intensity factor k2
as a function of time for various values of the layer thickness and
crack length. The results based on the Fourier’s model are also dis-
played for comparison. Clearly, as the layer thickness or the crack
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Fig. 4. Steady-state thermal stress intensity factor k1 vs. layer thickness
(k10 ¼ ðk33Aq0=k0Þ
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model becomes stronger. The thermal relaxation (wave) effect
gives a higher thermal stress intensity factor than the classical Fou-
rier’s law. Speciﬁcally, for H = A = l0, the peak value of k2 is about
15% higher than the steady value of k2. As expected, the thermal
stress intensity factor predicted by the Fourier’s law is a monoto-
nously increasing function of time. As time becomes sufﬁciently
large, there is no difference between the Fourier’s results and the
non-Fourier results. Moreover, the difference between the Fourier
model and the non-Fourier model becomes less signiﬁcant for
higher values of crack length and layer thickness.
Finally, Fig. 7 plots the variation of the steady-state mode II
thermal stress intensity factor with normalized layer thickness.
The facts that the steady value of k2 does not depend on the mate-
rial parameter l0 and increases monotonously with layer thickness
are same as those observed for k1. However, unlike k1, k2 converges
to a certain value when the layer thickness is inﬁnite.6. Conclusions
This paper studies the hyperbolic, non-Fourier effect for the
fracture of a ﬁnite piezoelectric layer with a Grifﬁth crack. Both
heated crack and thermal insulated crack are investigated. In addi-
tion, thermal conduction analysis method for a ﬁnite layered med-
ium with an interface crack is also presented. Laplace transform
and dual integral equation technique are used to solve the prob-
lem. Effects of crack length, layer thickness and the relaxation time
(which describes the non-Fourier behavior) on the transient crack
tip stress intensity factors are discussed in details. Compare with
classical Fourier heat conduction, the non-Fourier heat conduction
considerably increases the transient thermal stress intensity fac-
tors. The inﬂuence of non-Fourier effect becomes more signiﬁcant
when the crack length or the layer thickness reduces. This means
that in studying the cracks or defects in materials at small length
scale, introduction of non-Fourier effect is of great importance.Acknowledgments
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